Corrigé Série 7

1. The proof is basically the same, we only need to pay attention that,
o Ll C (LOO)*, L>® C (Ll)*;
— The set of simple functions is dense in LP space, p € [1. + o0].

2. As the exercise 2 from the preceding problem, we introduce a smooth function x(§) such that

x(€) =1,V1< ¢ <2,
x(€) =0, V|¢| < 1/2, €] > 4,

and define the function Ky € S(R"),

Kalw) = [ ety 0
Since || K1l|r1, [| K1l 2, || K1||L~ are uniformly bounded, we know the existence of C' such that

KA [pe < O VE € 1, +00]. (2)
Now for any function f € S(R™) such that f(€) supp 2/ < |¢| < 27!, we know that

FEx@27¢) = f(¢), (3)

hus
t Ky s f = FH(fOxET9) = F(f©) = 1. (4)

Therefore, by Young’s inequality we get
[fllze = [[Ka=i * fllLe < [[Ko=illpell f]] e (5)

where % =1+ é — %. By the same scaling argument of the exercise 2 from the preceding problem we
know that
X[ e =

[k (6)
[1£llz0 < 1Bl ol fllze = 1Kl 2521 | e (7)

The goal is to give an idea of the Sobolev embedding, for 1 < p < ¢ < 400 such that S — E =

n

1

q
we have that W*P(R") ¢ WH4(R™). Here we only treat the case that n(; - %) 1,d.e. WhP C LA,
Let us define the function Sy € S(R™),

) _ 271'1:5{67)(( f)
Siw) = [ enetac )

where &; is the i-th component of £. Thus, thanks to the fact that 2m’§1f(§) = al\f(ﬁ), by the same
argument we know that

n

Zs “ (Onf) = F 1(Z<2m§if<§>>§"2’iff‘;§)) =7 (floxe79) =F(f©) =1 ©

=1



Next by Young’s inequality

1 llze = HZS # (O, f)l|La < ZIISE il 110 fll e, (10)

=1

and direct calculation yields, for example
1_1y 4
15351120 = 1511027 =St < C. (11)

Since the constant is independent of j, for any f € WP we can decompose is by f = Zj fj with
fj supp 27 < |€] < 271 to conclude the embedding inequality.

. (i) For any ¢ > 0 there exists f, g, € C°(R") such that

1f = fallze +1lg = gnllze <e. (12)

We know that

Hm  ||7.(fn) + gnllre = [[allfs + lgnll70, (13)
|h| =400

thus by Minkowski inequality

Hm  |J7,(f) + gl = fI2e — N9l <e+ lm [|7a(f = fo) + 9= gnlll, <e+e.  (14)
|h| =400 |h| =400

(ii) For the bounded linear operator T', we are able to select f € LP such that ||Tf||ze = Col|f||L»,
where Cj is the norm of the operator. Suppose that ¢ < p then let |h| — 400, in the sense of limit
we have

IT(nf + 9L = lITaTf + TgllLe = [l T flI70 + 1 T9ll7e = 2CE1If11L0,
< Cllimf +gll = CE27 || F11%,

hence g > p, contradiction.

. (i) By the extension theorem of linear operators on Banach spaces, we know that the inequality holds
for any f € LP. We select f € LP such that ||f||r« = Co||f||zr, where Cp is the norm of the operator.

Then we use the classical scaling trick, we know that f(A\z)(§) = )\_”f(g), thus

1FOD) |0 = A" AT Fllze = A" A5 Col | £l o (15)
On the other hand we have
1F2)]|zs < Collfa)llze = Collf(@)l|LeA" (16)
thus
A < 1WA > 0. (17)

(ii) From (i) we know that }D + % = 1, also we know that for p € [1,2] the argument is true. It seems
to be quite natural to prove g > p as the preceding exercise, however, we are not able to conclude
similar conditions as h tends to oo :

lim [ fe*™¢ + gl|7, # [1f1ILa + 13]]%0 Ve < 2, (18)

though which is true for ¢ = 2.



Now we attempt to construct directly counterexamples. At first, we treat the case that n = 1. Let us
introduce Shapiro polynomial, briefly speaking, we are able to find polynomials P,(z) and Q,(z) by

2" —1

Pn(.%') — Z (_1>an,k€27rilwz:7
k=1
2" —1

Qn(x) — Z (_1)bn7ke27rika:’

k=1

satisfying
|Pa(2)? + |Qn(@)? = 2",

(19)

Indeed, this can be achieved by mathematical induction, the detail of which we omit and can be found

easily.
Next we select some function ¢(z) € S such that ¢ supp (0,1), and define

fal@) = Pa(2)é()

that satisfying
ntl
[ fnllze < [[PallzeellollLr < 2727 [[@]] e

On the other hand, direct calculation on the Fourier transformation of e>"**¢(z) gives
2n—1 2n—1

Falld, = b(E — k)|2dE = b(E — k)|9de = 2"|8||%,,
AL /REM J[ode /szﬂw )[ode = 2|2

thus X L
|[fnlle < 29([@]|La-

Therefore, by letting n tends to oo we get ¢ > 2 hence p < 2.

As for multi dimensions, for x = (x1,2’) € R™, it suffices to define

fo(%) = fulz1)x(0,1m1 (2).

(20)

(21)

(22)

(23)

(24)



