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Introduction

Consider a stochastic partial differential equation (SPDE)

dri = (Ari+ar))dt +o(r)dWs
{ ( (re))dt + o(re) )

hh = ho.

Affine realization: For every starting point hyg we have

r=1¢+X (locally)

where ¢ : Ry — H and X € V with dim V < oc.

Affine state process: X is an affine process.

Goal of this talk: Characterization result in terms of (A, a, o).

Particular example: HIMM equation for interest rates.
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Contribution to the literature

o Affine realizations (among others):
o Bjork & Svensson (Math. Finance 2001)
o Filipovi¢ & Teichmann (J. Funct. Anal. 2003)
e Tappe (Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci.
2010)
@ Affine processes in finance (among others):
o Duffie & Kan (Math. Finance 1996)
o Duffie, Filipovi¢ & Schachermayer (Ann. Appl. Probab. 2003)
o Filipovi¢ (Stochastic Process. Appl. 2005)

@ In this talk, we investigate when the state processes of an
affine realization are affine processes.
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General framework

(2, F, (Ft)ter, ,P) is a stochastic basis.
W is a R"-valued Wiener process.

Let o: H— H and ¢ : H — H" be continuous.

A :D(A) C H— H generates a Cy-semigroup (St)¢>0 on H.
That is, a family S; € L(H), t > 0 such that:

e OO0 — Id,

o St = 5¢5; forall s, t > 0;

o lim;0S:h = hforall he H.

°
°
@ H is a separable Hilbert space.
°
°
°

@ Furthermore, we have
Ab = 1im 2T s he D(A).
t—0
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Solution concepts

@ Strong solution: We have r € D(A) and

t t
re = hg —1—/ (Ars + a(rs))ds + / o(rs)dWs.
0 0

@ Weak solution: For each ( € D(A*) we have

(€)= (G + [ A )+ (G alr)))ds + / (Coo(re))dWs.

@ Mild solution: We have

t t
re = Seho + / Si_va(rs)ds + / Se_so(rs)dW,.
0 0

@ Strong solution = Weak solution = Mild solution.
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HJMM equation for interest rates

@ Heath-Jarrow-Morton (HJM) forward rate model

t t
(T)=1f(T) —1—/ aS(T)ds—i—/ os(T)dWs, t€]0,T]
0 0
@ with Musiela parametrization
re(x) = fi(t+x), xeR,.

@ HIJMM equation on a space H of functions h: Ry — R.
@ We have A = d/dx and the HJM drift condition

amgm(h) = Zak /Uk n)dn.
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Invariant foliations

@ Recall the SPDE (1), which is given by

{ drr = (At + a(r))dt + o(r)dW,

n = ho.
@ Let hy € H be a starting point, and suppose that
r=v+ X,

where ¢ : Ry — H and X € V with dim V < oc.
@ Then the foliation (M¢):cr, given by

Me=y(t)+V, teRy,

is invariant for the SPDE (1).
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Path of the solution process on an invariant foliation
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Tangential conditions

o A foliation (M¢)ser, is invariant for (1) if and only if

M c D(A),
B(h) € TM;, teR; and he My,
o(M) c v

@ Here we use the notations

d
M := UMt, b :=A+a, T/\/lt::agb(t)—}—v.

teR,

@ We would like that X is affine; thatis X e € U C V and
E[e<u’XT> |~Ft] = exp(¢(t7 T7 U) + <¢(ta T7 u)7Xt>)‘

@ Here €= Ri is a proper cone, and U = R™ 9 is a subspace.
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Criteria for affine state processes

o Letting H=G & V, we have M = 0M & € & U, and require:
@ For each g € OM the mapping

v MyBg+v):€dplU—V

is affine and inward pointing at boundary points.
@ For each g € OM the mapping

vieo(lg+v):€alU— V"
is square-affine and parallel at boundary points.

e Using the identification V" = L(R", V), we consider

vis oX(g+v)i=o(g +v)ot(g+v): €U — L(V).
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Affine realizations with affine state processes

@ Recall the SPDE (1), which is given by
dre = (Are+ a(r))dt + o(r)dW;
n = ho.
@ Let J C H be a set of initial points.
@ Assumptions: 7=07J @ €d U and H=(dJ) & V.

@ Criterion in terms of (A, «,0) and J: We have J C D(A) and
o(J) C V", and for each g € 97 we have

Be(v) eV, veceal,
MyB(g + -) is affine and inward pointing,
o(g + -) is square-affine and parallel,

where 8 = A+ a and Bg(v) = B(g + v) — B(g).
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Particular structure of the drift

o Assume that a = So? with S € L(L(V), H).
@ This is the case for the HIMM equation for interest rates.
o If o(g + ) is square-affine, then My 3(g + -) is affine.

o If o(g + ) is parallel, then My 3(g + -) does not need to be
inward pointing.

@ Criterion in terms of (A, o) and J: For each g € 9J we have

o(g + -) is square-affine and parallel,

My (Ag + So(g)) e € U,

Ac+ Soi(c) € (€+ () d U, ceoe,
Aue U, uvel.

@ Under suitable conditions on S, the state processes of an
affine realization have affine characteristics.
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The HIMM equation

o Consider the HJIMM (Heath-Jarrow-Morton-Musiela) equation
drt- = (%rt+OZHJM(rt))dt+O'(rt)th
n = ho.

e We fix a nondecreasing C-function w : Ry — [1, 00) such
that w—1/3 € £1(R, ), and denote by H the space of all
absolutely continuous functions h: R, — R such that

1/2

= (1P + [ + HEOPw()a ) < .

@ To ensure the absence of arbitrage, the drift is given by

agim(h) = kz_:lak(h) /0. ak(n)dn.
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The Vasicek model

@ Let U C H be a subspace with dim U = 1.
@ Suppose that o(h) = ®(h)A with & : H - R and X € U.
@ The following statements are equivalent:

© The HIMM equation (2) has an affine realization generated by
U with initial curves D(d/dx).

@Q The HIMM equation (2) has an affine realization with affine
state processes generated by U with initial curves D(d/dx).

© There are constants p,y € R such that

/\(X) :p.e—'yx, XGR—H
and for each h € H the mapping ®(h+ -) is constant.
o Note that the state processes are U-valued, and that U = R.

Stefan Tappe, Leibniz Universitat Hannover Affine realizations with affine state processes



The Cox-Ingersoll-Ross model

@ Let € C H be a proper cone with dm& =1, and let J C H.
@ Suppose that o(h) = ®(h)\ with & : H — R and X\ € €.

@ Suppose that the HIMM equation (2) has an affine realization
generated by € with initial curves J.

@ Then there are ¥ : H — R and ¢ € H* with ¢(A\) =1 and
p >0, v € R such that

o(h) = p\/U(Ngh) + (h), he?T,

d
— A+ PPAN+X=0.
dx

@ We have affine state processes if and only if W =0, that is

o(h) = p\/I(h), heT.
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The set of initial curves

e We assume that o(h) = py/|¢(h)|\ for h € H.
@ Here we have p > 0 and £ € H* with {(\) = 1.

@ For some v € R the function A is a solution of

d
— A+ PPN +x=0.
dx
@ The HJMM equation (2) has an affine realization with affine
state processes generated by (A\)™ and initial curves
={h e D(d/dx) : ¢(h) >0 and
U(H) + (PPLON) + )f( ) > 0}.
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Further consequences

Suppose that ¢(h) = h(0). Then we have

3= {h e D(d/dx) : h(0) > 0 and K(0) + vh(0) > 0}.

For h € J we can choose r(0) € R, as state process.
Therefore, we have P(r:(0) > 0) =1 for all t € [0, J].

The expectation hypothesis implies

(]

h(t) = Ept[r:(0)] > 0 for all t € [0,J].

Indeed, if not h(0) > 0, then h(0) = 0 and H'(0) > 0.
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Another example

Suppose that o(h) = p\/|¢(h)|\ for h € H.
Here p > 0 and A(x) = e™"* for x € Ry.
The functional ¢ € H* satisfies £(\) = 1 and ¢(\2) = 0.

The HIMM equation (2) has an affine realization generated
by (A), but the state processes are not affine.

However, the HIMM equation (2) has an affine realization
with affine state processes generated by (\)T @ (\?) and
initial curves

J={heD(d/dx):€(h) >0 and {(h +~-h) >0}
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