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PROBLEM 1.
1
hX)= 3 log (2mec?)
1
h(Y) = 5 log (27rea§)
1 1
h(X,Y) = 5 log ((271’6)2 det(K)) = 5 log ((27re)2 (0207 — poioy))
1 1
I(X,)Y)=hX)+h(Y)—-h(X,)Y)= Elog =2

Note that the result does not depend on o, 0,, which says that normalization does not
change the mutual information.

PROBLEM 2.

(a) This is by the definition of mutual information once we note that pyx(y|z) = pz(y —

(b) Note that px(z)pz(y — x) is simply the joint distribution of (z,y), and thus the

integral N
i a2 (Z/ - :C)
[ peinsto = om SR

is an expectation, namely

Ny (Y — X
Eln Nme)
Substituting the formula for N, this in turn, is

Ny (Y — X

b NUEH;(Y))
= S (1+ P/o%) + mMW] — 5Bl — X7
= %m (1+ P/o?) + ME[(X + Z)?] — %E[ZQ]
= %m (14 P/o”) + mE[XQ + 722 +2X 7] — %
= %ln(1+P/U2) +W(P+a2+0) —%
= 2 (14 P/o?)



(¢) The steps we need to justify read

2 VY — T —z)ln Noz(y — 2)py (y)
In(1+ P/o”) — I(X;Y) —//px( Jpz(y — )1 Ny p(y)pz(y — )

< / / px(w)/\j(c;(y — vy . dy -1

dxdy

02+P(y)
= / py(y)dy —1
= 0.

The first equality is by substitution of parts (a) and (b). The inequality is by In(z) <
x — 1. The next equality is by noting that

/ px(@)Nya(y — 2)dz = (px * No) () = (Np  Noe) (4) = Npo2 ().

The last equality is because any density function integrates to 1.

(d) The conclusion is made by noting that the right hand side of the first equality in (c)
is equal to zero if py = N,o.

PROBLEM 3. Let the input distribution be p. We thus have
p(=1) +p(0) +p(1) =1 p(=1) >0,p(0) > 0,p(1) >0
(since p is a distribution) and, to satisfy E[b(X)] <  we must have

p(=1) +p(1) =1-p(0) < B.

Moreover,
I(X;Y) = H(Y) - HY|X)
(a)
= H(Y) = p(0)
()
< 1—p(0)
(c)
< min{1, 8}.
where (a) follows because given {X = —1} or {X = 1} there is no uncertainity in Y

while given {X = 0}, Y is uniformly distributed in {—1,1}, (b) holds since Y is binary
with equality if p(—1) + $p(0) = p(1) + $p(0) = 3 (which happens if we choose p(1) =
p(—=1) = 3(1 — p(0))) and (c) holds because of the cost constraint and is equality if we
choose p(0) = max{1 — 3,0}. Hence, the capacity is

1, ifg>1

PROBLEM 4. (a) All rates less than £ log,(1 + %) are achievable.

(b) The new noise Z; — pZ, has zero mean and variance E((Z; — pZ,)?) = o%(1 — p?).

Therefore, all rates less than 1 log,(1 + Wp_pg)) are achievable.



()

The capacity is C = maxI(X;Y1,Ys) = max(h(Y1,Y2) — h(Z1, Z5)) = 3log,(1 +

ﬁ). This shows that the scheme used in () is a way to achieve capacity.

PROBLEM 5. (a) In this exercise we assume all the vectors are column vectors. We know

that (X, -, X,,Y1, - ,Y,,) are jointly Gaussian random variables if and only if
any linear combination of these variables is normally distributed. This means that
any linear combination of X = (X7, X5, -+, X,,) is normally distributed and thus X
is an n Gaussian random vector. Similarly, the vector Y = (Yi,---,Y,,) is an m
dimensional random vector.

Moreover, we can write (X, -, X,, Y1, -+, Y,) = (X,Y). So its covariance matrix
B X| vr wr1) _ [E(XX") E(XY")]  [Kin Ki
K=F (M X'y }) - {E (YX") E(YY")]  |Kau K|’

So K11 = E(XX") and Ky = E(YY"). Thus the vector X = (Xi,---,X,) is
normally distributed with covariance matrix Kj; and the vector Y = (Y,---,Y},) is
normally distributed with covariance matrix Kos.

Hence, using the results derived in class we get

(X, X,) = %m (2me)"det (K1),

(i Y) = %m (27e)™det (Ka))

and 1
h(Xy, -, X, Y1, Y) = 5 In ((2%6)"+mdet (K)) )

Let Aj; be an n x n matrix and Agy be an m X m matrix. So A becomes an (n +
m) x (n+m) matrix. Since A is a positive definite matrix then there exists an n+m
dimensional Gaussian random vector which covariance matrix is A. Let’s denote this

vector as (Xq, -+, Xp, Y1, -+ ,Y,,). From question (a) we know that
1
Xy, X)) = 5 In ((2me)"det (A11)),
1
h(}/iv o ,Ym) == 5 In ((27T€)mdet (AQQ))
and

1
Xy, o, X, Y1, Y) = éln ((27re)”+mdet (A)) )
Moreover, we know that
(X1, X, Vi, Y) < h(Xy, -, X)) +h(Yy, -, Y.

So,

%ln((Qﬂe)’”mdet(A)) % ((27re)”det(A11))—|—%ln((%e)mdet(Agz))
(

(2me)" " det (A) < (2me)"det (Ay;) X (2me)™det (Ags)

(4) <
det(A) < det(A;q)det(Ass).



