
Quantum Field Theory

Set 3

Exercise 1: Higher derivative scalar theory

Consider the Lagrangian density of a real scalar field φ(~x, t)

L =
1

2
∂µφ∂

µφ− V (φ)

• Find the equation of motion of the field φ

• Specialize to the massive λφ4-theory: V = 1
2m

2φ2 + 1
4!λφ

4.

Add to the lagrangian density the term: α(∂µφ∂
µφ)2

• Compute the dimension of the constant α.

• Find the equation of motion of the field φ.

Exercise 2: Hamiltonian formalism

Consider the action of the massive λφ4 scalar theory :

S =

∫
d4x

[
1

2
∂µφ∂

µφ− 1

2
m2φ2 − λ

4!
φ4
]
.

• Find the equation of motion using the Hamiltonian formalism and show the equivalence with the Lagrangian
formalism.

Exercise 3: Classical Electromagnetism

Consider the classical electromagnetic fields ~E(~x, t), ~B(~x, t).

• Write the Maxwell equations in presence of external an source.

Define the field strength Fµν as the 4× 4 matrix

Fµν =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

 Fµν =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0


• Recalling the definitions of the field in term of the vector potential Aµ = (A0, Ai) show that

Fµν = ∂µAν − ∂νAµ



• Introduce the Lagrangian density of the electromagnetic field in the presence of an external source:

L = −1

4
FµνF

µν −AµJµ

where Jµ is the current associated to the source. For a particle at rest Jµ = (eδ3(~x− ~x0),~0).
Find the Euler Lagrange equations and show that they correspond to the inhomogeneous Maxwell equations.

• Show that the additional two Maxwell equations follow from the Bianchi identity

εµνρσ∂
µF ρσ =?

• Find the static solution (independent of time) Aµ(~x).
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